Production of stable multidimensional solitary waves is a grand challenge in modern science. Steering their propagation is an even harder problem. Here we demonstrate threedimensional solitary waves in a nematic, trajectories of which can be steered by the electric field in a plane perpendicular to the field. The steering does not modify the properties of the background that remains uniform. These localized waves, called director bullets, are topologically unprotected multidimensional solitons of (3 + 2)D type that show fore-aft and rightleft asymmetry with respect to the background molecular director; the symmetry is controlled by the field. Besides adding a whole dimension to the propagation direction and enabling controlled steering, the solitons can lead to applications such as targeted delivery of information and micro-cargo.
S olitary waves maintain their self-confined shapes while propagating and surviving collisions with each other. A classic example is a one-dimensional wave in a shallow water channel observed by Russell 1, 2 . Creation of solitons of higher dimensions represents a major challenge in the science of nonlinear fields and matter 3 . The multidimensional solitons are abbreviated as (m + 1)D objects, where "1" represents the propagation direction and "m" shows in how many dimensions the soliton is self-focused 4, 5 . The Russell's wave is a (1 + 1)D type, as it propagates along the channel and water displacement occurs along a single transverse direction. Multidimensional solitons are of practical importance 3 , for example, in optics, where the socalled "light bullets" of a (3 + 1)D type could serve as information carriers 6 . Among the broad family of solitons there is a class of localized structures, often called dissipative solitons [7] [8] [9] [10] [11] . Dissipative solitons require an external driving; they represent a portion of a pattern surrounded by a homogeneous steady state; below a certain strength of the driver, they vanish [7] [8] [9] [10] [11] . Experimentally, dissipative solitons were realized in the form of electric current filaments in a 2D planar gas-discharge system 12 and also as (3 + 1)D particle-like electrically powered solitary waves of molecular orientation (specified by the so-called director b n) in a nematic liquid crystal 13 . These (3 + 1)D solitons, called "director bullets", represent spatially-confined perturbations of the director field b n r ð Þ that coexist with a uniform director state b n 0 ¼ const. The distortions b n r ð Þ oscillate with the same frequency as the frequency f of the driving electric field. They disappear when the amplitude of the electric field becomes too low and when f < 100 Hz.
A grand challenge of soliton research is whether and how direction of soliton propagation could be guided 5 . In a uniform medium, solitons propagate along rectilinear trajectories or experience Brownian motion, see, for example, refs. 12, 14 describing dissipative solitons. In particular, director bullets of (3 + 1)D type lack fore-aft symmetry and move perpendicularly to the electric field and the background director b n 0 , along rectilinear trajectories 13 ; the polarity of propagation is determined by the polarity of bend deformation of the director which breaks the fore-aft symmetry 13 . A similar case of localized structures moving in one spatial dimension as a result of an internal symmetry breaking instability has been described independently and simultaneously by Alvarez-Socorro, Clerc and Tlidi 14 for a 2D isotropic system. In contrast to the case of (3 + 1)D director bullets, the motion direction of localized structures considered in ref. 14 is arbitrary (defined by the initial condition used in simulations): a preferred direction does not exist since the system is isotropic 14 . To control trajectories of solitons and to produce trajectories different from rectilinear or Brownian-type, one could use interactions of solitons with other waves 4 , with each other 15 , or by designing a spatially varying medium. One example are nematicons, self-focused light beams propagating in a nematic: 3, 5 these can be bent by a spatially varying director b n r ð Þ 16 . In this work, we demonstrate experimentally multidimensional steerable solitary waves of a (3 + 2)D director bullets type. These director bullets represent waves of director deformations driven by an alternating current (AC) electric field. The solitons form in a planar homogeneous sandwich-like nematic cell, with the ground-state director b n 0 being parallel to the bounding plates and to planar transparent electrodes. The electric field, applied along the normal to the cell, is perpendicular to b n 0 . The waves are selflocalized in three spatial dimensions, while the background b n 0 remains unperturbed. The dynamic director structure of the solitons is established by polarizing optical microscopy in transmission mode with ultrafast video camera. The patterns of transmitted light intensity for normal and oblique incidence are analyzed by the theory based on Berreman's 4 × 4 matrix formalism 17 . The analysis establishes that the director deformations within the solitons oscillate with the frequency of the driving electric field. This feature points to the linear coupling of b n r ð Þ to the electric field as a main reason for the bullets stability. Most interestingly, depending on the electric field amplitude, the solitons show different geometries of symmetry breaking of the director deformations b n r ð Þ and because of that, they can move either parallel to b n 0 or perpendicular to it. The electric field, being perpendicular to the bullets trajectories, provides no sense of direction by itself; it is the in-plane anisotropy of the system and its coupling to the field that produces different scenarios of symmetry breaking and allows one to steer the solitons by changing the electric field. To stress the 2D control over trajectories of the director bullets, we classify them as (3 + 2)D solitons. To the best of our knowledge, there are no other examples of stable and steerable multidimensional solitons that move through a homogeneous background along externally controlled trajectories, neither among the "classic" solitons in conservative systems (such as the Russell's solitary wave) nor among the localized structures/dissipative solitons in driven dissipative systems.
Results
Materials and experimental design. We used a nematic 4′-butyl-4-heptyl-bicyclohexyl-4-carbonitrile (CCN-47) doped with 0.005 wt% of ionic salt tetrabutylammonium bromide (TBABr). The material is of the (−, −) type, with negative dielectric Δε = −3.3 and conductivityΔσ = −2 × 10 −9 Ω −1 m −1 anisotropy. The cell of thickness d = 8.0 μm is composed of two glass substrates coated with transparent electrodes and surface alignment layers to set planar orientation b n 0 ¼ ð0; 1; 0Þ in the xy plane parallel to the bounding plates. A sinusoidal AC electric field of frequency f = 1-10 3 Hz is normal to the substrates, E = (0, 0, E).
Diagram of states and soliton stability. In the range 5 Hz < f < 27 Hz, the electric field produces a new type of solitary waves of director deformations, which are (3 + 2)D director bullets abbreviated as B l α ; the superscript means "low frequency" and the subscript indicates the angle α between v and b n 0 . At U = const, B l α solitons move either parallel to b n 0 , Fig. 1 , Supplementary Movie 1, or perpendicularly to it, Fig. 2 , Supplementary Fig. 1 , Supplementary Movie 2. We call these B l 0 and B l 90 bullets, respectively. Their length and width of the bullets in the xy plane is in the range 15-30 μm, which is many orders of magnitude smaller than the extension of the nematic cell (5 mm × 5 mm). Solitons appear at imperfections such as dust particles, Fig. 3 , electrode edges, but also might appear from locations in which the presence of impurities is hard to detect.
The stability range of B l α is limited by frequency, 5 Hz ≤ f ≤ 27 Hz, and voltage, 4 V ≤ U ≤ 13 V, Fig. 4a . At very high frequencies, f ≥ 500 Hz, one also observes director bullets of the (3 + 1)D type, Fig. 4b , abbreviated B h 90 (the superscript refers to "high frequency") and described previously 13 . These (3 + 1)D bullets move only perpendicularly to b n 0 and would not be discussed any further. The experimentally established range underlines that the B l α stability results from a fine balance of different mechanisms of the electric field-nematic coupling, such as flexoelectric polarization, anisotropy of dielectric permittivity, conductivity and its anisotropy. Absence of solitons at very low frequencies f < 5 Hz is apparently caused by screening of electrodes by ions.
At f = const, the voltage increase produces first B l 0 solitons, then coexisting B l 0 and B l 90 , then solely B l 90 , Fig. 4c ; the speed of solitons grows with U, Fig. 4d . At U > U EHD (f) ≈ (12.8 + 0.08s f) V, one observes periodic director domains, Fig. 4a , that cover the entire electrode area of the cells, Fig. 5 .
Deterministic directional propagation of B l α bullets differs dramatically from the stochastic motion of localized structures of current filaments described experimentally 12 and theoretically 14 . The obvious reason is the anisotropy of the nematic cell. Similarly to the (3 + 1)D B h 90 solitons described previously 13 , propagation direction of the B l α bullets is associated with the internal symmetry breaking. However, the important new feature of B l α is that this internal symmetry breaking can be either fore-aft (B l 0 , Fig. 1 ) or left-right (B l 90 , Fig. 2 ), or producing no mirror symmetry at all, Fig. 6 .
Electric field control of soliton symmetry and trajectories. The most striking feature of the B l α bullets is that their symmetry and thus trajectories are controlled by the electric field. A step-like increase of U from 8.0 to 11.0 V at f = const, transforms B l 0 into B l 90 , Fig. 6a , while a decrease of U transforms B l 90 into B l 0 , Fig. 6b and Supplementary Movies 3 and 4. In both cases, the bullets change their propagation direction by 90°, Fig. 6c ; the trajectories can also be controlled by the voltage change rates, Fig. 6d , e.
The solitons exhibit an intriguing behavior near the limits of the stability islands. Once the voltage is increased above ≈12.5 V (at 20 Hz), the B l 90 solitons stop. If the voltage remains fixed, they disappear within the decay time τ ≈ 2-3 s that depends on the depth of voltage increase. However, if the voltage is reduced back within τ, the solitons start to move, either in the same direction or in the opposite direction, Fig. 7a , b, Supplementary Movie 5. The outcome depends on the exact timing of voltage change. Similar effects of stoppage, disappearance, and reactivation are observed for B l 0 , when the voltage is reduced below 7.2 V (at 20 Hz), Fig. 7c , d, and Supplementary Movie 6. Note an important symmetry effect: when the bullets stop, the director field becomes left-right and fore-aft symmetric; a resumed motion coincides with restoration of the asymmetric shapes, Fig.7a , c.
Interactions of solitons. The B l
α bullets reveal their soliton nature by surviving collisions, Fig. 8 . Within different stability islands, solitons show different outcomes of collisions. If only one soliton type is stable, their collision results in reappearance of a similar pair. In Fig. 8a , b, two B l 0 bullets move parallel to b n 0 towards each other, coalesce and form a single perturbation that separates into two B l 90 solitons that move perpendicularly to b n 0 , Supplementary Movie 7. This symmetry change is only temporary, as the two reconstruct their B l 0 structure and continue propagation parallel to b n 0 . When collisions happen in the phase diagram region where both types of solitons are stable, new channels of reaction emerge. For example, two B l 0 solitons can merge into a single B l 90 that propagates perpendicularly to the "parent" solitons, Fig. 8c n 0 lack the fore-aft symmetry, Fig. 1a . The B l 90 bullets, propagating perpendicularly to b n 0 , lack the leftright symmetry, Fig. 2a . This intrinsic symmetry breaking of the director field is reminiscent of the symmetry breaking that leads to a transition from the stationary to moving localized structures/ dissipative solitons described by Alvarez-Socorro et al. 14 with that difference that the nematic background is anisotropic and thus the spectrum of possible symmetry breaking scenarios for director bullets is much broader, ranging from left-right to fore-aft mirror symmetries and to structures that have no mirror symmetry at all.
To map the spatiotemporal variations of φ m , we use two linear polarizers crossed at an angle of 78°or 65°with each other. Usually, polarizing microscopy is performed with the two polarizers crossed at 90°. However, such standard approach does not allow one to distinguish the states φ and −φ. The decrossed polarizers allow one to distinguish φ and −φ; the angular values of decrossing, 78°or 65°, have been found experimentally to yield a good contrast between the orientations φ and −φ. Out-of-plane director structure of the solitons. The director also experiences oscillations of the polar angle θ(x, y, z, t) measured with respect to the xy plane, with the same frequency f, Fig. 2e . To prove these polar oscillations, we measured the dynamics of light transmittance through the cell and two crossed polarizers at oblique incidence of the probing light beam, β = 15°, Fig. 2e , where β is the angle between the probing beam and the normal to the cell measured outside the cell. The theoretical model in "Material and methods" section, Eq. (11), predicts that for B l 90 solitons, when the incidence plane xz is perpendicular to b n 0 , the transmitted light intensity I, normalized by the incident intensity, depends on the angle of incidence β, the azimuthal φ m and polar θ m director angles measured in the middle plane,
where I leak is the normalized light intensity leaked while the beam propagates between the crossed polarizers and the cell, Γ = 2πΔnd/λ ≈ 1.7 is the phase retardation of the undistorted nematic, determined by the wavelength λ = 530 nm and birefringence Δn = n e − n o , n o , and n e are the ordinary and extraordinary refractive indices, respectively; β LC = β/n o is the angle at which the probing beam propagates inside the nematic. For β LC = β = 0, I depends only on φ m ; however, for β LC = β≠0, Eq. (1) demonstrates that the measured light intensity depends on the sign of θ m , which allows us to determine the frequency of its oscillations. We found experimentally that the value β = 15°(which corresponds to β LC = β/n o = 10.6°) provides the best contrast between θ m and −θ m . The experiment, Fig. 2e , demonstrates that the transmission peaks for the two half-periods of the applied field are different for both normal β LC = β = 0 and oblique β = 15°l ight incidence. Since I / φ 2 m , Eq. (1), the asymmetry of the two half-periods indicates that angle φ m has a nonzero average value and changes with the frequency f. The experiment and modeling for the oblique β = 15°light incidence, Fig. 2e , show that θ m oscillates with the same frequency f. 
Discussion
The B l α solitons are sensitive to the anisotropy of dielectric permittivity, electric conductivity, concentration of ions, frequency, and amplitude of the field. For example, in CCN-47 kept at 55°C, they exist in a narrow range of conductivities, σ ⊥ ≈ (1.2-2.5) × 10 −8 Ω −1 m −1 . In this range, as σ ⊥ increases, the range of bullets stability shifts towards higher frequencies. Unlike the (3 + 1)D bullets described previously for relatively high frequencies 13 , B l α of the (3 + 2)D type exist at frequencies 27 Hz and lower. This region can be associated with the so-called "conductivity" regime limited from above by the critical frequency f c ¼ ffiffiffiffiffiffiffiffiffiffiffiffi ffi ξ 2 À 1 p =τ M introduced by Dubois-Violette et al. 19, 20 to describe electrohydrodynamics of LCs. Here τ M = σ ⊥ /ε 0 ε ⊥ is the Maxwell relaxation time for a planar cell, ε 0 = 8.85 × 10 −12 F/m, and
is the material parameter that depends on conductivities (σ || and σ ⊥ ), permittivities (ε || and ε ⊥ ), and viscous coefficients (α 2 and η c ). Using the experimental data measured at 5 kHz and 55°C for ARTICLE the TBABr-doped CCN-47, we find 1/τ M~2 48 Hz. The factor ffiffiffiffiffiffiffiffiffiffiffiffi ffi ξ 2 À 1 p in the expression for f c is hard to determine exactly, since α 2 and η c are not known. Using the independently measured parameters of TBABr-doped CCN-47, we find 1 À σ ? σ jj ε jj ε ? % 0:3 and ε jj Δε ¼ À1:5. With the ratio Àα 2 η c being on the order of 1, one finds that ffiffiffiffiffiffiffiffiffiffiffiffi ffi ξ 2 À 1 p is on the order of 1 or even smaller. This result implies that the dynamic solitons that appear at frequencies below 27 Hz correspond to the conductive regime of LC electrohydrodynamics. Since the director oscillates with the same frequency as the field, the main reason of soliton existence is flexoelectric polarization and space charge developed at director deformations; both of these couple linearly to the field.
As illustrated by Figs. 1b and 2b , the time-average director asymmetry develops parallel to b n 0 in B l 0 and perpendicular to b n 0 in B l 90 case; the change in the field amplitude controls the type of asymmetry and thus the prevailing direction of propagation. Solitons that propagate under the angle 0 < α < 90°show no mirror plane symmetry, Fig. 6a, b .
In summary, we demonstrate electrically driven multidimensional (3 + 2)D solitons-director bullets in a uniform nematic. These director bullets represent dissipative solitons that disappear once the driving electric field becomes too low or too high. By changing the amplitude of the driving electric field, the solitons can be controllably steered in the 2D plane perpendicular to the applied field; the background state remains homogeneous. The solitons represent perturbation of the director that are topologically trivial but self-confined along the longitudinal and transverse directions. In the xy plane of propagation, the solitons width and length are much smaller than the corresponding dimension of the system. Along the z-axis, the stability of solitons is assisted by the surface anchoring at the bounding plates.
The azimuthal and polar tilts of the director oscillate with the same frequency as the driving AC electric field. The speed and propagation direction of the solitons is controlled by the field. When a soliton propagates along or perpendicularly to b n 0 , its dynamic director structure shows the mirror symmetry plane that contains the propagation direction. For intermediate propagation directions, 0 < α < 90°, the solitons show no mirror symmetry. The ability of the solitons to move along different directions opens a broad field of studies of their nontrivial interactions and collisions. It also promises practical applications. Controlling the in-plane dynamics of the solitons, one can develop devices for targeted 2D delivery of optical information. Furthermore, since the solitons represent director deformations and since director deformations attract colloidal particles 21 , the (3 + 2)D solitons can be used as micro-cargo vehicles.
Methods
Materials. We use a single-component nematic LC, 4′-butyl-4-heptyl-bicyclohexyl-4-carbonitrile, abbreviated as CCN-47 (Nematel GmbH). The conductivity was adjusted by adding 0.005 wt% TBABr, produced by Sigma-Aldrich, using chloroform as a solvent. Chloroform was evaporated in the vacuum oven for 24 h at the room temperature and then for another 24 h at 60°C. We measured the anisotropy of both permittivity and conductivity by an LCR meter 4284A (Hewlett-Packard) using cells with planar and homeotropic alignment using polyimides AL1254 and JALS-204, respectively (both are purchased from Japan Synthetic Rubber Co.). The principal components of conductivity and dielectric permittivity tensors of doped CCN-47 are σ ∥ ≈ 1.6 × 10 −8 Ω −1 m −1 , σ ⊥ ≈ 1.8 × 10 −8 Ω −1 m −1 , ε ∥ ≈ 4.9, and ε ⊥ ≈ 8.2 at 5 kHz and 55°C; the subscripts indicate whether the property is measured along the background director b n 0 or perpendicularly to it.
Generation of solitons. The cell is composed of two glass substrates coated with indium tin oxide (ITO), which serve as the transparent electrode of active area 5 × 5 mm 2 . The alignment layers PI-2555 coated on the surface of ITO were rubbed to provide a planar alignment. The temperature of the cell is controlled with a Linkam LTS350 hot stage and a Linkam TMS94 controller. The AC voltage is applied using a waveform generator (Stanford Research Systems, Model DS345) and an amplifier (Krohn-hite Corporation, Model 7602).
Optical characterization of solitons. We use a polarizing Nikon TE2000 microscope equipped with two cameras: Emergent HR20000 with the maximum frame rate 1000 fps and MotionBLITZ EOSens mini1 (Mikrotron GmbH) with the maximum frame rate 6000 fps. The diagram in Fig. 4a was established by performing voltage scan with 0.1 V increments at f = const; at each voltage level, the system was stabilized for 5 min before measurements. The location of soliton was tracked by an open-source software ImageJ and its plugin TrackMate. Measuring the x,y coordinates of the solitons as a function of time yields the velocity. The azimuthal distortion of the director deviating from the background b n 0 was determined by numerical simulations of the transmitted light intensity based on Jones matrix, in the geometry with two linear polarizers crossed at 78°and 65°. The nematic slab was split into thin layers, with the director twist φ i ð Þ ¼ φ m sin 2iÀ1 400 π À Á , where i is an integer in the range from 1 to 200 and φ m = φ m (x, y, t) is the azimuthal distortion of the director in the middle of cell, i = 100. Using the measured birefringence of CCN-47 Δn = 0.018 at 55°C, cell thickness d = 8 μm, wavelength of light λ ≈ 530 nm, we calculate the ratio T bullet /T 0 of the light intensity transmitted through the soliton to the light intensity transmitted through the background region, as a function of φ m . Since T bullet /T 0 equals the experimentally determined ratio I bullet /I 0 , where I is the transmitted light intensity through the bullet and I 0 is the intensity of light transmitted through the background uniform region, the dependency I bullet /I 0 on φ m allows us to map φ m (x, y, t) in Figs. 1b and 2b. The symmetry of director distortion of solitons is additionally verified by using complementary angles of polarizers' decrossing, such as 102°and 115°.
Theory of light propagation through solitons. We consider electromagnetic wave propagation in one-dimensionally distorted uniaxial nematic within Berreman's 4 × 4 matrix formalism 17 in the representation similar to refs. 22, 23 . For a monochromatic wave with the electric E and magnetic H fields changing as ∝ e −iωt , we use the dimensionless coordinates e r ¼ κ r, where κ = ω/c = 2π/λ is the free space wavenumber. We assume that the dielectric tensor at optical frequencies (optic tensor) ε with the elements ε ij depends only on the coordinate z perpendicular to the nematic slab, and does not depend on the in-plane coordinates ρ ¼ fx;ỹg; here and in what follows, tilde implies dimensionless coordinates, as specified above. The assumption preserves the in-plane 2D wave vector q = (q 1 , q 2 ) and allows us to obtain the solution of the Maxwell equations in the form of four-vectorz-dependent amplitudes E x ; E y ; H y ; ÀH x expðiqρÞ, where F = (E x , E y , H y , −H x ) obeys the equation:
where ′ ¼ ∂=∂z and the 4 × 4 matrix M is:
M ¼ Àq 1 ε 31 =ε 33 Àq 1 ε 32 =ε 33 1 À q 2 1 =ε 33 À Á Àq 1 q 2 =ε 33 Àq 2 ε 31 =ε 33 Àq 2 ε 32 =ε 33 Àq 1 q 2 =ε 33 1 À q 2 2 =ε 33 À Á ε 11 À q 2 1 À ε 13 ε 31 =ε 33 ð Þ ε 12 þ q 1 q 2 À ε 13 ε 32 =ε 33 ð Þ À q 1 ε 13 =ε 33 Àq 2 ε 13 =ε 33 ε 21 þ q 1 q 2 À ε 23 ε 31 =ε 33 ð Þ ε 22 À q 2 2 À ε 23 ε 32 =ε 33 ð Þ À q 1 ε 23 =ε 33 Àq 2 ε 23 =ε 33
In a homogeneous medium, where ε = const and therefore M ¼ M ¼ const arẽ z-independent, the general solution of Eq. (2) is
where the matrices V ¼ fV 1 ; V 2 ; V 3 ; V 4 g and L ij ðzÞ ¼ δ ij Exp i k iz À Á with α; β ¼ 1; 2; 3; 4 are built by the eigenvectors V i and the eigenvalues k i of matrix M, that obey the equation
and the four-vector A contains the constant amplitudes of the eigenwaves that are determined by the boundary conditions. When the uniaxial LC is distorted in the body of the soliton, b n ¼ b nðzÞ, the associated inhomogeneity of the optic tensor εðzÞ ¼ n 2 o I þ n 2 e À n 2 o À Á b nðzÞ b nðzÞ ð Þ is controlled by the birefringence Δn = n e − n o , where n o and n e are the ordinary and extraordinary refractive indices, respectively. Because in our experiments the azimuthal distortions are small and obey the condition |φ| < Γ −1 , where Γ = 2πΔnd/λ ≈ 1.7 is the phase retardation of the undistorted LC area, we use the perturbation method to determine the transformation between ordinary and extraordinary waves.
We split MðzÞ ¼ M þ e MðzÞ into a homogeneous part M and an inhomogeneousMðzÞ part. The solution of Eq. (2) for this case can be presented as:
where the matrices V and L ij ðzÞ ¼ δ ij Exp i k iz À Á correspond to the homogeneous part and obey Eq. (5) . Substituting this solution into Eq. (2), we obtain the equation that defines evolution of the eigenwaves' amplitudes four-vector AðzÞ along the z-axis A′ðzÞ ¼ L À1 ðzÞ Á e SðzÞ Á LðzÞ Á AðzÞ; ð7Þ
whereSðzÞ ¼ i V À1 ÁMðzÞ Á V is the matrix, which changes the amplitudes of eigenwaves of M. The linearity of Eq. (7) allows us to separate boundary conditions from evolution of the amplitudes of eigenmodes in the bulk of the inhomogeneous medium, by introducing the propagation matrix UðzÞ,
